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GLOBAL STRONG SOLUTIONS TO THE INHOMOGENEOUS
INCOMPRESSIBLE NAVIER-STOKES SYSTEM IN THE EXTERIOR OF
A CYLINDER
ZHENGGUANG GUO, YUN WANG, AND CHUNJING XIE
Abstract. In this paper, the global strong axisymmetric solutions for the inhomogeneous
incompressible Navier-Stokes system are established in the exterior of a cylinder subject to
the Dirichlet boundary conditions. Moreover, the vacuum is allowed in these solutions. One
of the key ingredients of the analysis is to obtain the L2(s, T ;L∞(Ω)) bound for the velocity
field, where the axisymmetry of the solutions plays an important role.
1. Introduction and main results
The mixture of incompressible and non-reactant flows, flows with complex structure fluids
containing a melted substance, etc ( [37]), can be described by the following inhomogeneous
incompressible Navier-Stokes system
(1.1)


(ρu)t + div(ρu⊗ u)− µ∆u+∇P = 0, in Ω× [0, T ),
ρt + div(ρu) = 0 in Ω× [0, T )
div u = 0, in Ω× [0, T ),
where ρ, u, P , and µ are the density, velocity field, pressure, and viscosity coefficient of fluid,
respectively. In this paper, the viscosity coefficient is assumed to be a constant. Without loss
of generality, one assumes µ = 1. Furthermore, in the domain Ω where the fluid occupies,
the system (1.1) is usually supplemented with the following initial conditions and no slip
boundary conditions
(1.2) (ρ, ρu)|t=0 = (ρ0, ρ0u0) in Ω; u = 0 on ∂Ω × (0, T ).
Since Leray’s pioneering work [35] on the global existence of weak solutions to the homo-
geneous incompressible Navier-Stokes system (corresponding to the case ρ ≡ 1), there have
been many important progresses on the homogeneous incompressible Navier-Stokes system.
When the initial density is away from vacuum, there is a counterpart theory of inhomoge-
neous Navier-Stokes system to Leray’s results. The global existence of weak solutions and
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local existence of strong solutions for inhomogeneous Navier-Stokes system were established
in [4, 5, 31]. Furthermore, the strong solution exists globally in two dimensional case [4].
Recently, there are many studies on the well-posedness for the inhomogeneous Navier-Stokes
system in various critical spaces, see [3, 15, 16, 39] and references therein.
When the vacuum is allowed, the local and global existence of weak solutions to system
(1.1) was established in [29,42]. However, the uniqueness and smoothness of weak solutions
to the inhomogeneous Navier-Stokes system, even for the two dimensional case, are still
open problems. This is very different from the two dimensional homogeneous Navier-Stokes
system ( [33]). A local strong solution under some compatibility conditions on the initial
data was established in [8]. More precisely, given (ρ0,u0) satisfying
(1.3) 0 ≤ ρ0 ∈ L 32 (Ω) ∩H2(Ω), u0 ∈ H10 (Ω) ∩H2(Ω),
and the compatibility conditions
(1.4) − µ∆u0 +∇P0 = ρ
1
2
0 g, and div u0 = 0 in Ω,
with some (P0, g) belonging to D
1,2(Ω) × L2(Ω), there exists a unique local strong solution
(ρ,u) to the initial boundary value problem (1.1)–(1.2). For the further studies on local well-
posedness of strong solutions for inhomogeneous Navier-Stokes system, see [13,14,23,30,45]
and references therein. A natural question is whether the general local strong solutions away
from the vacuum can be prolonged globally in time. Suppose the local strong solution blows
up in finite time T ∗, a Serrin type blow-up criterion was established in [28],
(1.5)
∫ T ∗
0
||u(t)||sLrwdt =∞, for any (r, s) with
2
s
+
n
r
= 1, n < r ≤ ∞,
where n is the dimension of space, and Lrw is the weak L
r space. With the aid of this blow
up criterion, for the initial data even with the vacuum, the global strong solutions for the
inhomogeneous Navier-Stokes system in two dimensional case were established in [19,21,22].
Global existence of strong solutions for three dimensional Navier-Stokes system even in the
homogeneous case is a long standing challenging problem. However, it was proved in [32,44]
that for the axisymmetric solutions without swirls, the global Leray-Hopf weak solution for
homogeneous Navier-Stokes system is regular for all time t > 0. The proof in [32, 44] was
based on important facts that the vorticity ω = ∇× u satisfies the maximum principle and
the global a priori estimate
(1.6)
∥∥∥ω
r
∥∥∥
L2(R3)
≤
∥∥∥ω0
r
∥∥∥
L2(R3)
holds. However, when the swirl velocity is present, the global well-posedness for the ax-
isymmetric Navier-Stokes system becomes much more difficult. There are many important
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progresses on this problem, see [7, 9–12, 20, 25–27, 34] and references therein. On the other
hand, the significant partial regularity results in [6] (see also [17, 36, 40, 43]) assert that the
one-dimensional Hausdorff measure of the set for singular points is zero. This implies that
the singularity of axisymmetric solutions can only happen at the axis. When the domain is
the exterior of a cylinder, the global existence of unique axisymmetric strong solution was
proved in [33] and [1] when the no slip and Navier boundary conditions were supplemented,
respectively. The crucial points for the analysis in [33] and [1] are an interpolation inequality
and the maximum principle (1.6), respectively.
The axisymmetric solutions for inhomogeneous Navier-Stokes system without swirls were
studied in [2] and references therein. For the inhomogeneous Navier-Stokes system in an
exterior domain, the local existence of weak solutions was proved in [38] when the initial
density is positive almost everywhere. The main goal of this paper is to study the global
existence of axisymmetric strong solutions for the inhomogeneous Navier-Stokes system in
the exterior of a cylinder subject to the no slip boundary conditions, where (1.6) may not
be true and it seems difficult to apply the interpolation inequality used in [33]. Without loss
of generality, in this paper, one assumes that
Ω = {(x1, x2, x3) ∈ R3 : r2 = x21 + x22 > 1, x3 ∈ R}.
The key idea in this paper is to get some bound for ‖u‖L2(s,T ;L∞(Ω)) from the energy inequality,
which corresponds to a regularity criterion of Serrin type [41].
Before stating the main results in the paper, the following notations are introduced. For
1 ≤ q ≤ ∞, let Lq(Ω) denote the usual scalar-valued and vector-valued Lq-space over Ω. Let
Wm,q(Ω) = {u ∈ Lq(Ω) : Dαu ∈ Lq(Ω), |α| ≤ m,m ∈ N}.
When q = 2, one abbreviates Hm(Ω) = Wm,2(Ω). Denote the closure of C∞0 (Ω) in H
1(Ω) by
H10 (Ω). Let
C∞0,σ(Ω) = {u ∈ C∞0 (Ω) : div u = 0, in Ω} .
Denote the closure of C∞0,σ(Ω) in H
1(Ω) by H10,σ(Ω).
Our main result can be stated as follows.
Theorem 1.1. Let (ρ0,u0) be axisymmetric initial data and satisfy compatibility condition
(1.4) and the following regularity conditions
(1.7) ρ0 ≥ 0, ρ0 − ρ¯ ∈ L 32 (Ω) ∩H2(Ω), u0 ∈ H2(Ω) ∩H10 (Ω),
with ρ¯ > 0 is a constant. Then for every T > 0, there exists a unique axisymmetric strong
solution (ρ,u) to the problem (1.1)–(1.2) with
ρ− ρ¯ ∈ C([0, T ];L 32 (Ω) ∩H2(Ω)), u ∈ C([0, T ];H10,σ(Ω)) ∩ L∞(0, T ;H2(Ω)),
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and
∇ut ∈ L2([0, T ];L2(Ω)), (ρt,√ρut) ∈ L∞([0, T ];L2(Ω)).
There are a few remarks in order.
Remark 1.1. Together with the analysis in [21], one can also show that this result holds for
inhomogeneous MHD equations.
Remark 1.2. Together with the method in [30] for the proof of the local existence of solutions
for the inhomogeneous Navier-Stokes system in bounded domains even when the initial data
violate the compatibility conditions (1.4), the compatibility conditions (1.4) should also be
removed in Theorem 1.1. The major aim of this paper is to highlight the a priori estimate
to get global strong axisymmetric solutions for the inhomogeneous Navier-Stokes system so
that we try to avoid including a more complicated local existence result in this paper.
Remark 1.3. The method in this paper can also be used to prove the global existence of
axisymmetric strong solutions to Navier-Stokes system in the exterior of a cylinder subject
to Navier boundary condition.
Remark 1.4. The analysis in this paper should be also helpful for the study on the helically
symmetric flows.
The rest of this paper is organized as follows. Some elementary results on axisymmetric
functions, the critical Sobolev inequalities, and the estimates regarding Stokes equations are
collected in Section 2, which are important for the analysis in the whole paper. The proof
of Theorem 1.1 is presented in Section 3 after one assumes the local well-posedness of the
problem. In Section 4, the local existence and uniqueness of strong solutions are sketched.
2. Preliminaries
For (x1, x2, x3) ∈ R3, introduce the cylindrical coordinate
r =
√
(x1)2 + (x2)2, θ = arctan
x2
x1
, z = x3,
and denote er, eθ, ez the standard basis vectors in the cylindrical coordinate:
er(θ) =

 cos θsin θ
0

 , eθ(θ) =

 − sin θcos θ
0

 , ez =

 00
1

 .
A function f or a vector-valued function u = (ur, uθ, uz) is said to be axisymmetric if f,
ur, uθ and uz do not depend on θ:
u(x1, x2, x3) = u
r(r, z)er + u
θ(r, z)eθ + u
z(r, z)ez .
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The following lemma shows that for axisymmetric initial data the local strong solution to
(1.1) is also axisymmetric.
Lemma 2.1. Assume that the initial data (ρ0,u0) is axisymmetric. Then the local strong
solution (ρ,u) to (1.1)–(1.2) is also axisymmetric.
Proof. For every η ∈ [0, 2π), define the rotation matrix
R(η) = (er(η), eθ(η), ez).
Let
̺(x1, x2, x3, t) = ρ(R(x1, x2, x3), t) and v(x1, x2, x3, t) = R
tu(R(x1, x2, x3), t)
where “Rt” is the transpose of the matrix R. Since the inhomogeneous Navier-Stokes system
(1.1) is rotation invariant and ρ0 and u0 are axisymmetric, it is easy to check that (̺,v) is
also a solution to (1.1) with the initial data (ρ0,u0). Due to the uniqueness of strong solutions
to (1.1)–(1.2), one has ̺ = ρ and v = u. Hence the solution (ρ,u) is axisymmetric. 
The following critical Sobolev inequality of Logarithmic type plays an important role to
obtain the bound of ‖u‖L2(s,T ;L∞(Ω)).
Lemma 2.2. Suppose D is a domain in R2, for every function f ∈ L2(s, t;H10(D)) ∩
L2(s, t;W 1,q(D)) with some q > 2, and s < t, it holds that
(2.1) ‖f‖L2(s,t;L∞(D)) ≤ C‖∇f‖L2(s,t;L2(D))
[
ln(e+ ‖f‖L2(s,t;W 1,q(D)))
] 1
2 + C,
where C is independent of the function s, t, and the domain D.
Proof. The inequality (2.1) has been proved in [21] for D = R2. If D is a domain in R2, it
can be proved by zero extension, so we omit the details here. 
The next lemma gives the uniform regularity estimates for solutions to the Stokes equations
with Dirichlet boundary condition.
Lemma 2.3. Let D be a domain of R3, whose boundary is uniformly of class C3. Assume
u ∈ H10,σ(D) is a weak solution to the following Stokes equations
(2.2)


−∆u+∇P = f , in D,
div u = 0, in D,
u = 0, on ∂D.
Then for f ∈ Lq(D), 1 < q <∞, it holds that
(2.3) ‖u‖W 2,q(D) ≤ C‖f‖Lq(D) + C‖u‖W 1,q(D),
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where the constant C depends only on q and the C3-regularity of ∂D (not on the size of ∂D
or D).
Proof. The proof of (2.3) for the particular case q = 2 can be found in [24, Lemma 2.2].
With the aid of “local” estimate up to the boundary for the Stokes problem (2.2) ( [18,33]),
the estimate (2.3) for the general q > 1 can be proved in the same spirit of [24]. For readers’
convenience, we give a sketch of the proof for the case with general q > 1.
In a neighbourhood of a given point ξ ∈ ∂D, let the boundary ∂D be represented by
y3 = F (y1, y2) in local Cartesian coordinates (y1, y2, y3) chosen so that the positive y3-axis
coincides with the inward normal to ∂D at ξ. Suppose that d is a sufficiently small number
determined by C3-regularity of ∂D near ξ. DenoteQ = {x ∈ D : |y1|, |y2| < d and F (y1, y2) <
y3 < F (y1, y2) + 2d} and Q′ = {x ∈ D : |y1|, |y2| < d/2 and F (y1, y2) < y3 < F (y1, y2) + d}.
It follows from [18, 33] that
(2.4) ‖D2u‖Lq(Q′) ≤ C∂,d‖u‖W 1,q(Q) + C∂,d‖f‖Lq(Q).
Moreover, let G′ = {x ∈ D : dist(x, ∂D) > d/2} be an open bounded subset of D, with
G¯′ ⊂ D. Choose a function ζ ∈ C20 (D) satisfying that ζ ≡ 1 in G′ and 0 ≤ ζ ≤ 1 elsewhere
in D, such that |∇ζ | and |∆ζ | are bounded by some constant C∂,d which depends on d and
the C2-regularity of ∂D. Then one has
(2.5)
‖D2u‖Lq(G′) ≤ Cd‖∇u‖Lq(D) + Cd‖f‖Lq(D) + Cd‖(∆ζ)u‖Lq(D) + Cd‖u‖W 1,q(D),
≤ C∂,d‖u‖W 1,q(D) + Cd‖f‖Lq(D).
On the other hand, since the boundary is uniformly of class C3, d is sufficiently small,
and the mean curvature of the surface near the given point is bounded, then the boundary
strip D − G′ can be covered with a collection of “cubes” Q′i, of the type described in (2.4)
in such a way that no point of D belongs to more than ten of the associated larger “cubes”
Qi. Thus it follows from (2.4) that
‖D2u‖Lq(D\G′) ≤
∑
i
‖D2u‖Lq(Q′i)
≤
∑
i
(
C∂,d‖u‖W 1,q(Qi) + C∂,d‖f‖Lq(Qi)
)
≤10 (C∂,d‖u‖W 1,q(D) + C∂,d‖f‖Lq(D)) .
This, together with (2.5), implies the desired estimate
‖D2u‖Lq(D) ≤ C∂
(‖u‖W 1,q(D) + ‖f‖Lq(D)) ,
since d is determined by the C3-regularity of ∂D. Hence the proof of the lemma is completed.

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3. A priori estimate and the proof of the main result
This section devotes to the proof of Theorem 1.1. Given initial data (ρ0,u0) satisfying
(1.7) and the compatibility condition (1.4), Theorem 4.6 asserts that there exists a unique
local strong solution (ρ,u). According to Lemma 2.1, the solution is axisymmetric. Define
the quantity Φ(T ) as follows
Φ(T ) = sup
0≤t≤T
(
‖ρ− ρ¯‖
L
3
2 (Ω)
+ ‖ρ− ρ¯‖H2(Ω) + ‖u‖2H2(Ω)
)
+ ‖√ρut‖2L∞(0,T ;L2(Ω)).
Suppose this local strong solution blows up at some T ∗ <∞, the key issue is to prove that
in fact there exists a constant M¯ <∞ depending only on the initial data and T ∗ such that
(3.1) sup
0≤T<T ∗
Φ(T ) ≤ M¯.
This, together with Theorem 4.6, implies that the local strong solution can be extended
beyond T ∗, and thus gives a contradiction. Therefore, the local strong solution does not
blow up in finite time.
Proof Theorem 1.1: First, it is easy to see that for the strong solutions, the system
(1.1) is equivalent to
(3.2)


ρut + (ρu · ∇)u−∆u+∇P = 0, in Ω× [0, T ),
ρt + u · ∇ρ = 0 in Ω× [0, T ),
div u = 0, in Ω× [0, T ).
The proof is divided into 5 steps.
Step 1. L∞ bound for ρ. The second equation in (3.2) is in fact a transport equation, due
to the divergence free property of u. Hence, for every 0 ≤ t < T ∗, it holds that
(3.3) ‖ρ(·, t)‖L∞(Ω) = ‖ρ0‖L∞(Ω)
and
(3.4) ‖ρ(·, t)− ρ¯‖
L
3
2 (Ω)
= ‖ρ0 − ρ¯‖
L
3
2 (Ω)
.
Step 2. Basic energy estimate. The energy estimate can be stated as the following propo-
sition.
Proposition 3.1. There exists some constant M1, which depends only on ‖√ρ0u0‖2L2(Ω),
‖ρ0 − ρ¯‖
L
3
2 (Ω)
, ‖ρ0‖L∞(Ω), ρ¯−1, such that
(3.5) sup
0<T<T ∗
{
‖√ρu‖2L∞(0,T ;L2(Ω)) + ‖u‖2L2(0,T ;H1(Ω))
}
≤M1.
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Proof. Multiplying the first equation of (3.2) by u and integrating by parts over Ω yield that
for every 0 < T < T ∗,
1
2
d
dt
∫
Ω
ρ|u|2 dx+
∫
Ω
|∇u|2 dx = 0.
Hence,
(3.6) ‖√ρu‖2L∞(0,T ;L2(Ω)) + 2
∫ T
0
‖∇u‖2L2(Ω) dt ≤
∫
Ω
ρ0|u0|2 dx.
Moreover, note that
(3.7)
ρ¯
∫
Ω
|u|2 dx =
∫
Ω
ρ|u|2 dx−
∫
Ω
(ρ− ρ¯)|u|2 dx
≤
∫
Ω
ρ|u|2 dx+ ‖ρ− ρ¯‖
L
3
2 (Ω)
‖u‖2L6(Ω)
≤
∫
Ω
ρ0|u0|2 dx+ C‖ρ0 − ρ¯‖
L
3
2 (Ω)
‖∇u‖2L2(Ω).
This, together with (3.6), gives (3.5) with a constant M1 depending only on ‖√ρ0u0‖2L2(Ω),
‖ρ0 − ρ¯‖
L
3
2 (Ω)
, and ρ¯−1. Thus the proof of Proposition 3.1 is completed. 
Step 3. Estimates for ‖√ρut‖L2(0,T ;L2(Ω)) and ‖∇u‖L∞(0,T ;L2(Ω)). This is the key step of
the whole proof. Higher order estimates of the density and the velocity can be done in a
standard way provided that ‖u(·, t)‖H1 is uniformly bounded with respect to time. Let
(3.8) Ψ(t) = e+ sup
0≤τ≤t
‖∇u(·, τ)‖2L2(Ω) +
∫ t
0
‖√ρut‖2L2(Ω) dτ, 0 ≤ t < T ∗.
To get the H1-estimate of u, one can use the bound of ‖u‖L2(s,T ;L∞(Ω)). The key idea
to get the bound of ‖u‖L2(s,T ;L∞(Ω)) is that an axisymmetric function can be regarded as a
function of two variables in some sense.
Lemma 3.1. There exists a constant C2 independent of s and T , such that for every 0 ≤
s < T < T ∗,
(3.9)
∫ T
s
‖u‖2L∞(Ω) dτ ≤ C2‖∇u‖2L2(s,T ;L2(Ω)) lnΨ(T ) + C2.
Proof. DenoteD2 = (1,+∞)×R. Since u(x, y, z, t) is axisymmetric, u can also be considered
as a function defined on D2 × [0, T ∗),
u(x, y, z, t) = ur(r, z, t)er + u
θ(r, z, t)eθ + u
z(r, z, t)ez.
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Let ∇˜ = (∂r, ∂z) be the two-dimensional gradient operator, and W˜ 1,6(D2) be the Sobolev
space defined on D2. By Lemma 2.2,
(3.10)
∫ T
s
‖u‖2L∞(Ω) dτ
≤C
∫ T
s
(‖ur‖L∞(D2) + ‖uθ‖L∞(D2) + ‖uz‖L∞(D2))2 dτ
≤C‖∇˜(ur, uθ, uz)‖2L2(s,T ;L2(D2)) ln
(
e+ ‖(ur, uθ, uz)‖L2(s,T ;W˜ 1,6(D2))
)
+ C.
Note that
∂ru
r = ∂1u
1 cos2 θ + ∂2u
1 sin θ cos θ + ∂1u
2 cos θ sin θ + ∂2u
2 sin2 θ,(3.11)
∂ru
θ = −∂1u1 cos θ sin θ − ∂2u1 sin2 θ + ∂1u2 cos2 θ + ∂2u2 sin θ cos θ,(3.12)
and
(3.13) ∂ru
z = ∂1u
3 cos θ + ∂2u
3 sin θ.
Hence one has
(3.14) ‖∇˜(ur, uθ, uz)‖L2(s,T ;L2(D2)) ≤ C‖∇u‖L2(s,T ;L2(Ω))
and
(3.15) ‖(ur, uθ, uz)‖L2(s,T ;W˜ 1,6(D2)) ≤ C‖u‖L2(s,T ;W 1,6(Ω)).
Combining (3.10) and (3.14)-(3.15) together gives
(3.16)
∫ T
s
‖u‖2L∞(Ω) dτ ≤ C‖∇u‖2L2(s,T ;L2(Ω)) ln
(
e+ ‖u‖L2(s,T ;W 1,6(Ω))
)
+ C.
It follows from Sobolev embedding inequality and Lemma 2.3 that one has
(3.17)
‖u‖2
L2(s,T ;W 1,6(Ω)) ≤ C
(
‖∇u‖2
L2(s,T ;L2(Ω)) + ‖∇2u‖2L2(s,T ;L2(Ω))
)
≤ C
(
‖u‖2L2(s,T ;H1(Ω)) + ‖
√
ρut‖2L2(s,T ;L2(Ω)) + ‖(ρu · ∇)u‖2L2(s,T ;L2(Ω))
)
≤ C
(
‖u‖2
L2(s,T ;H1(Ω)) + ‖
√
ρut‖2L2(s,T ;L2(Ω)) + ‖u‖2L2(s,T ;L∞(Ω))‖∇u‖2L∞(s,T ;L2(Ω))
)
≤ C
[
‖u‖2
L2(s,T ;H1(Ω)) +Ψ(T ) + ‖u‖2L2(s,T ;L∞(Ω))Ψ(T )
]
.
This, together with the estimate (3.16), implies that
(3.18)
‖u‖2L2(s,T ;L∞(Ω))
≤ C‖∇u‖2
L2(s,T ;L2(Ω)) ln
[
‖u‖2
L2(s,T ;H1(Ω)) +Ψ(T ) + ‖u‖L2(s,T ;L∞(Ω))Ψ(T )
]
+ C
≤ C‖∇u‖2
L2(s,T ;L2(Ω)) lnΨ(T ) + C1 ln
(
1 + ‖u‖2
L2(s,T ;L∞(Ω))
)
+ C.
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Choose N1 sufficiently large such that
C1 ln(1 + γ) ≤ 1
2
γ, for γ ≥ N1.
Then one has
(3.19) C1 ln
(
1 + ‖u‖2L2(s,T ;L∞(Ω))
)
≤ 1
2
‖u‖2L2(s,T ;L∞(Ω)) +
1
2
N1.
Combining (3.18) and (3.19) yields
(3.20)
∫ T
s
‖u‖2L∞(Ω) dτ ≤ C2‖∇u‖2L2(s,T ;L2(Ω)) lnΨ(T ) + C2.
This finishes the proof of the proposition. 
With the estimate (3.9) at hand, one can prove the following estimate.
Proposition 3.2. It holds that
(3.21) sup
0<T<T ∗
{
‖∇u‖2L2(Ω) +
∫ T
0
‖√ρut‖2L2(Ω) dt+
∫ T
0
‖∇u‖2H1(Ω) dt
}
< +∞.
Proof. Multiplying the first equation of (3.2) by ∂tu and integrating over Ω lead to
(3.22)
1
2
d
dt
∫
Ω
|∇u|2 dx+
∫
Ω
ρ|ut|2 dx = −
∫
Ω
(ρu · ∇)u · ut dx.
By Ho¨lder inequality and Young’s inequality,
(3.23)
∣∣∣∣
∫
Ω
(ρu · ∇)u · ut dx
∣∣∣∣ ≤C‖√ρut‖L2(Ω)‖u‖L∞(Ω)‖∇u‖L2(Ω)
≤1
2
‖√ρut‖2L2(Ω) + C‖u‖2L∞(Ω)‖∇u‖2L2(Ω).
Substituting (3.23) into (3.22) gives
(3.24)
d
dt
∫
Ω
|∇u|2 dx+
∫
Ω
|√ρut|2 dx ≤ C‖u‖2L∞(Ω)‖∇u‖2L2(Ω).
Hence, for every 0 ≤ s < T < T ∗,
(3.25) ‖∇u(T )‖2L2(Ω) +
∫ T
s
‖√ρut‖2L2(Ω) dτ ≤ ‖∇u(s)‖2L2(Ω) exp
{
C
∫ T
s
‖u‖2L∞(Ω)dτ
}
.
Consequently,
(3.26)
Ψ(T ) ≤ Ψ(s) exp
{
C
∫ T
s
‖u‖2L∞(Ω) dτ
}
+
∫ s
0
‖√ρut‖2L2(Ω) dτ +Ψ(s)
≤ 3Ψ(s) exp
{
C
∫ T
s
‖u‖2L∞ dτ
}
.
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This, together with Proposition 3.1, gives
(3.27)
Ψ(T ) ≤ 3Ψ(s) exp
{
C3‖∇u‖2L2(s,T ;L2(Ω) lnΨ(T ) + C3
}
≤ CΨ(s)Ψ(T )C3‖∇u‖2L2(s,T ;L2(Ω)).
Recalling the basic energy inequality, one can choose some s0 close enough to T
∗, such that
(3.28) C3‖∇u‖2L2(s0,T ;L2(Ω)) ≤
1
2
.
Therefore, for every s0 < T < T
∗, one has
(3.29) Ψ(T ) ≤ CΨ(s0)2 < +∞.
Combining the estimates in Proposition 3.1 and Proposition 3.2 yields
(3.30) sup
0<T<T ∗
∫ T
0
‖u‖2L∞(Ω) dt < +∞.
For every T ∈ (0, T ∗), it follows from the inequality (3.17) that∫ T
0
‖∇2u‖2L2(Ω) dt ≤ C
(
‖u‖2L2(0,T ;H1(Ω)) +Ψ(T ) + ‖u‖2L2(s,T ;L∞(Ω))Ψ(T )
)
< +∞.
This finishes the proof of the proposition. 
Step 4. Estimates for ‖√ρut‖L∞(0,T ;L2(Ω)) and ‖∇ut‖L2(0,T ;L2(Ω)). These estimates can be
stated as the following proposition.
Proposition 3.3. Suppose that (ρ,u) is a local strong solution to the problem (1.1)–(1.2),
it holds that
(3.31) sup
0<T<T ∗
{
‖√ρut‖2L2(Ω) + ‖u‖2H2(Ω) +
∫ T
0
‖∇ut‖2L2(Ω) dt
}
< +∞.
Proof. Taking the derivative of the first equation in (3.2) with respect to t, gives
ρutt + (ρu · ∇)ut −∆ut +∇Pt = −ρtut − (ρtu · ∇)u− (ρut · ∇)u.
Multiplying (3.32) by ut and integrating over Ω yield
(3.32)
1
2
d
dt
∫
Ω
ρ|ut|2 dx+
∫
Ω
|∇ut|2 dx
=−
∫
Ω
ρt|ut|2 dx−
∫
Ω
(ρtu · ∇)u · ut dx−
∫
Ω
(ρut · ∇)u · ut dx.
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One can estimate the three terms on the right-hand side of (3.32) one by one. Taking the
second equation of (3.2) into account, and using Gagliardo-Nirenberg inequality yield
(3.33)
−
∫
Ω
ρt|ut|2 dx =
∫
Ω
div (ρu)|ut|2 dx
=− 2
∫
Ω
ρu · ∇ut · ut dx
≤C‖u‖L6(Ω)‖∇ut‖L2(Ω)‖ρut‖L3(Ω)
≤C‖∇u‖L2(Ω)‖∇ut‖
3
2
L2(Ω)‖
√
ρut‖
1
2
L2(Ω)
≤ 1
16
‖∇ut‖2L2(Ω) + C‖
√
ρut‖2L2(Ω)‖∇u‖4L2(Ω).
For the second term of (3.32), one has
−
∫
Ω
(ρtu · ∇)u · ut dx =
∫
Ω
div (ρu)(u · ∇)u · ut dx
=−
∫
Ω
(ρu) · ∇[(u · ∇)u · ut] dx
≤
∫
Ω
|ρut||u||∇u|2 dx+
∫
Ω
|ρut||u|2|∇2u| dx
+
∫
Ω
ρ|u|2|∇u||∇ut| dx.
By Sobolev inequality, one has
(3.34)
∫
Ω
|ρut||u||∇u|2 dx ≤‖ρ‖L∞(Ω)‖ut‖L6(Ω)‖u‖L6(Ω)‖∇u‖2L3(Ω)
≤C‖∇u‖2L2(Ω)‖∇ut‖L2(Ω)‖∇u‖H1(Ω)
≤ 1
16
‖∇ut‖2L2(Ω) + C‖∇u‖4L2(Ω)‖∇u‖2H1(Ω).
Using Ho¨lder and Young’s inequalities gives∫
Ω
|ρut||u|2|∇2u| dx ≤ C‖ρ‖L∞(Ω)‖ut‖L6(Ω)‖u‖2L6(Ω)‖∇2u‖L2(Ω)
≤ C‖∇ut‖L2(Ω)‖∇u‖2L2(Ω)‖∇u‖H1(Ω)
≤ 1
16
‖∇ut‖2L2(Ω) + C‖∇u‖4L2(Ω)‖∇u‖2H1(Ω).(3.35)
Similarly, one has
(3.36)
∫
Ω
ρ|u|2|∇u||∇ut| dx ≤ 1
16
‖∇ut‖2L2(Ω) + C‖∇u‖4L2(Ω)‖∇u‖2H1(Ω).
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For the third term on the right-hand side of (3.32), similar to the estimate in (3.33), one has
(3.37) −
∫
Ω
(ρut · ∇)u · ut dx ≤ 1
16
‖∇ut‖2L2(Ω) + C‖
√
ρut‖2L2(Ω)‖∇u‖4L2(Ω).
Therefore, collecting all the estimates (3.32)-(3.37) and taking (3.21) into account yield
1
2
d
dt
∫
Ω
|√ρut|2 dx+ 1
4
∫
Ω
|∇ut|2 dx
≤ C‖∇u‖4L2(Ω)‖
√
ρut‖2L2(Ω) + C‖∇u‖2H1(Ω)‖∇u‖4L2(Ω).
This, together with Gronwall’s inequality, shows
(3.38) sup
0≤T<T ∗
[∫
Ω
|√ρut|2 dx+
∫ T
0
∫
Ω
|∇ut|2 dxdt
]
< +∞.
Furthermore, the second equation of (3.2), together with Lemma 2.3, gives
‖u‖H2(Ω) ≤ C‖u||H1(Ω) + C‖ρut‖L2(Ω) + C‖ρu · ∇u‖L2(Ω)
≤ C‖u‖H1(Ω) + C‖√ρut‖L2(Ω) + C‖ρ‖L∞(Ω)‖u · ∇u‖L2(Ω)
≤ C‖u‖H1(Ω) + C‖√ρut‖L2(Ω) + C‖u‖L6(Ω)‖∇u‖L3(Ω)
≤ C‖u‖H1(Ω) + C‖√ρut‖L2(Ω) + C‖∇u‖
3
2
L2(Ω)‖∇u‖
1
2
H1(Ω).
It follows from Young’s inequality and the bounds for ‖u‖L∞(0,T ;H1(Ω)) and ‖√ρut‖L∞(0,T ;L2(Ω))
that
sup
0≤T<T ∗
‖u(·, T )‖H2(Ω) < +∞.
Hence, the proof of Proposition 3.3 is completed. 
Step 5. Estimates for ‖∇ρ‖L∞(0,T ;H1(Ω)) and ‖ρt‖L∞(0,T ;H1(Ω)). These estimates can be
summarized as follows.
Proposition 3.4. It holds that
(3.39) sup
0<T<T ∗
(‖∇ρ‖L∞(0,T ;H1(Ω)) + ‖ρt‖L∞(0,T ;H1(Ω))) < +∞.
Proof. Differentiating the second equation of (3.2) with respect to xj (j = 1, 2, 3) yields
(ρxj )t + u · ∇ρxj = −uxj · ∇ρ.
Multiplying the resulting equation by ρxj , integrating over Ω, and summing up give
d
dt
∫
Ω
|∇ρ|2 dx ≤ C
∫
Ω
|∇u||∇ρ|2 dx ≤ C‖∇u‖L∞(Ω)‖∇ρ‖2L2(Ω).
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A similar argument shows that
d
dt
∫
Ω
|∇2ρ|2 dx ≤ C
∫
Ω
|∇u||∇2ρ|2 dx+
∫
Ω
|∇2u||∇ρ||∇2ρ| dx
≤ C‖∇u‖L∞(Ω)‖∇2ρ‖2L2(Ω) + ‖∇2u‖L6(Ω)‖∇ρ‖L3(Ω)‖∇2ρ‖L2(Ω).
It follows from Sobolev embedding inequality and Gronwall’s inequality that
‖∇ρ‖2H1(Ω) ≤ C‖∇ρ0‖2H1(Ω) exp
(
C
∫ T
0
‖∇u‖W 1,6(Ω) dt
)
.
Herein, by Lemma 2.3,
‖∇u‖W 1,6(Ω) ≤ C‖u‖W 1,6(Ω) + C‖ρut‖L6(Ω) + C‖ρu · ∇u‖L6(Ω)
≤ C‖u‖H2(Ω) + C‖∇ut‖L2(Ω) + C‖u‖L∞(Ω)‖∇u‖L6(Ω)
≤ C‖u‖H2(Ω) + C‖∇ut‖L2(Ω) + C‖u‖L∞(Ω)‖∇u‖H1(Ω).
By Proposition 3.3, one has
sup
0≤T<T ∗
‖∇ρ‖H1(Ω) < +∞.
Moreover, according to the second equation of (3.2) and Proposition 3.3, it holds that
sup
0≤T<T ∗
‖ρt‖H1(Ω) ≤ sup
0≤T<T ∗
‖u · ∇ρ‖H1(Ω) < +∞.
This finishes the proof of Proposition 3.4. 
Combining all the estimates in (3.21), (3.31) and (3.39) yields (3.1). This, together with
Theorem 4.6, shows that the local strong solution (ρ,u) does not blow up at T ∗. Hence,
(ρ,u) is in fact a global solution so that the proof of Theorem 1.1 is completed.
4. Local well-posedness of the strong solutions in the exterior domains
The local existence and uniqueness of strong solutions for inhomogeneous Navier-Stokes
system in bounded domains has been proved in [8] by Galerkin approximation. In this
section, the local existence of strong solutions in the exterior domain is established as a limit
of local strong solutions in a sequence of bounded domains constructed in [8]. To prove
the convergence of approximate solutions, one of the key observations is that the lifespan
of each local strong solution depends only on the C3-regularity of the domain, ‖ρ0‖L∞(Ω),
‖ρ0 − ρ¯‖
L
3
2 (Ω)
, ρ¯−1, ‖u0‖H1(Ω), but is independent of the size of ∂Ω and Ω. This observation
relies heavily on the uniform estimates for the Stokes problem (cf. Lemma 2.3).
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In this section, assume that Ω˜ is a bounded domain of R3, the boundary of which is
uniformly of class C3. And for simplicity of notations, denote Lr = Lr(Ω˜), W k,p =W k,p(Ω˜),
Hk = Hk(Ω˜), and ∫
f dx =
∫
Ω˜
f dx.
Given initial data (ρ0,u0) ∈ L∞ × (H2 ∩H10,σ), suppose that (ρ0,u0) satisfy
(4.1) ρ0 ≥ 0, ρ0 − ρ¯ ∈ H2 ∩ L 32 , −µ∆u0 +∇P0 = ρ
1
2
0 g, in Ω˜,
with some (P0, g) belonging to D
1,2 × L2. The following is the local existence result proved
in [8].
Lemma 4.1. Assume that the initial data (ρ0,u0) satisfies ρ0 ∈ L∞, u0 ∈ H10,σ ∩ H2 and
(4.1). There exists a positive time T0 and a unique strong solution (ρ,u) to the initial
boundary value problem (1.1)–(1.2) such that
ρ− ρ¯ ∈ C([0, T0);L 32 ∩H2), u ∈ C([0, T0);H10,σ) ∩ L∞(0, T0;H2),
ρt ∈ L∞(0, T0;H1), √ρut ∈ L∞(0, T0;L2), ∇ut ∈ L2(0, T0;L2).
Next, one can prove that T0 has a uniform lower bound, which depends only on ‖ρ0− ρ¯‖
L
3
2
,
‖ρ0‖L∞ , ρ¯−1, ‖u0‖H1 and the C3-regularity of ∂Ω˜. Note that the lower bound does not depend
on the size of ∂Ω˜ or Ω˜. And also some uniform estimates for solutions independent of the
size of ∂Ω˜ and Ω˜, can be established.
Lemma 4.2. For every 0 ≤ t < T0, it holds that
(4.2) ‖ρ(·, t)− ρ¯‖
L
3
2
= ‖ρ0 − ρ¯‖
L
3
2
, and ‖ρ(·, t)‖L∞ = ‖ρ0‖L∞ .
Lemma 4.3. There exists some constant C, which depends on ‖ρ0− ρ¯‖
L
3
2
, ‖√ρ0u0‖L2, ρ¯−1,
such that for every 0 < T < T0,
(4.3) ‖√ρu‖L∞(0,T ;L2) + ‖u‖L2(0,T ;H1) ≤ C.
The proofs of Lemmas 4.2–4.3 are the same as those for (3.3)–(3.5).
Lemma 4.4. There exist some positive constants C and T ∗0 , which depend on ‖ρ0‖L∞, ‖ρ0−
ρ¯‖
L
3
2
, ‖u0‖H1, ρ¯−1 and C3-regularity of ∂Ω˜, such that for every 0 < T < T ∗0 ,
(4.4) sup
0≤t<T
‖u‖2H1 +
∫ T
0
‖√ρut‖2L2 dt +
∫ T
0
‖u‖2H2 dt ≤ C.
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Proof. Multiplying the first equation of (3.2) by ∂tu and integrating yield
1
2
d
dt
∫
|∇u|2 dx+
∫
ρ|ut|2 dx = −
∫
(ρu · ∇)u · ut dx.
By Sobolev embedding inequality and Young’s inequality,
(4.5)
∣∣∣∣
∫
(ρu · ∇)u · ut dx
∣∣∣∣ ≤ ‖√ρ‖L∞‖√ρut‖L2‖u‖L∞‖∇u‖L2
≤ C‖√ρut‖L2‖u‖
3
2
H1
‖u‖
1
2
H2
≤ 1
2
‖√ρut‖2L2 + C‖u‖3H1‖u‖H2.
Herein, using Lemma 2.3 gives
(4.6)
‖u‖H2 ≤ C‖ρut‖L2 + C‖(ρu · ∇)u‖L2 + C‖u‖H1
≤ C‖√ρut‖L2 + C‖ρ‖L∞‖u‖L∞‖∇u‖L2 + C‖u‖H1
≤ C‖√ρut‖L2 + C‖u‖
1
2
H2
‖u‖
3
2
H1
+ C‖u‖H1.
It follows from Young’s inequality and (3.7) that
(4.7)
‖u‖H2 ≤ C(‖√ρu‖L2 + ‖u‖3H1 + ‖u‖H1)
≤C
(
‖√ρut‖L2 +
[
ρ¯−1
∫
ρ|u|2 dx+ ρ¯−1‖ρ− ρ¯‖
L
3
2
‖∇u‖2L2 + ‖∇u‖2L2
] 3
2
+ 1
)
≤C(‖√ρut‖L2 + ‖∇u‖3L2 + 1).
Hence, substituting (4.7) and (3.7) into (4.5) gives
(4.8)
d
dt
∫
|∇u|2 dx+
∫
ρ|ut|2 dx ≤ C4(1 + ‖∇u‖2L2)3.
Let T ∗0 =
1
8C4(1+‖∇u0‖2
L2
)
. It follows from (4.8) that
(4.9) sup
0≤t≤min{T0,T ∗0 }
(‖∇u‖2L2 + 1)+
∫ min{T0,T ∗0 }
0
∫
ρ|ut|2 dxdt ≤ 2
(‖∇u0‖2L2 + 1) .
According to the blow up criterion obtained in [28], the estimate (4.9) implies that the local
strong solution does not blow up before the time T ∗0 , i.e., T0 ≥ T ∗0 .
Moreover, combining (4.9) and (4.7) together gives that
(4.10) sup
0<T<T ∗0
∫ T
0
‖u‖2H2 dt ≤ C.
Thus the proof of the lemma is completed. 
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Lemma 4.5. There exists a constant C, which depends on the C3-regularity of ∂Ω˜, ‖ρ0‖L∞,
‖ρ0 − ρ¯‖
L
3
2
, ‖ρ0 − ρ¯‖H2, ‖u0‖H2, ρ¯−1, T ∗0 , such that for every 0 < T < T ∗0 ,
sup
0≤T≤T ∗0
{
‖√ρut‖L2 + ‖u‖H2 + ‖∇ρ‖H1 +
∫ T
0
‖∇ut‖2L2 dt
}
≤ C.
The proof for Lemma 4.5 follows exactly the same as that for Propositions 3.3–3.4.
Now we are in position to prove the local existence of strong solutions for the inhomoge-
neous Navier-Stokes system in an exterior domain.
Theorem 4.6. Assume that (ρ0,u0) satisfies conditions (1.7) and (1.4), then there exist a
positive time T ∗0 and a unique strong solution (ρ,u) to the initial boundary value problem
(1.1)-(1.2) satisfying
ρ− ρ¯ ∈ C([0, T ∗0 );H2(Ω)), u ∈ C([0, T ∗0 ;H10,σ(Ω)) ∩ L∞(0, T ∗0 );H2(Ω)),
ρt ∈ L∞(0, T ∗0 ;H1(Ω)),
√
ρut ∈ L∞(0, T ∗0 ;L2(Ω)) ∇ut ∈ L2(0, T ∗0 ;L2(Ω)).
Proof. Given k ∈ N, let Ωk := Ω ∩ {|x| < k}. In each domain Ωk, choose the initial density
and velocity (ρ0,k,u0,k), which satisfy that
ρ0,k = ρ0 + ǫk, with lim
k→∞
‖ǫk‖H2(Ωk) = 0, infΩk ǫk > 0,
(4.11) u0,k ∈ H2(Ωk) ∩H10,σ(Ωk), with ‖u0,k‖H2(Ωk) ≤ 2‖u0‖H2(Ω),
and
u0,k converges to u0 in H
2(Ω′), for each compact subdomain Ω′.
By Lemma 4.1, for each k ∈ N, there exists a unique strong solution (ρk,uk) to the equations
(1.1) with the initial data (ρ0,q,u0,k) over some time interval [0, Tk). As proved above, there
exists a positive time T ∗0 , which depends only on the C
3-regularity of ∂Ωk, ‖ρ0,k − ρ¯‖
L
3
2 (Ωk)
,
ρ¯−1, ‖ρ0,k‖L∞(Ωk), ‖u0,k‖H1(Ωk), such that
Tk ≥ T ∗0 .
It means that the lifespans of the approximate solutions (ρk,uk) have a uniform lower bound
T ∗0 . Moreover, as proved above, there exists some constant C which does not depend on the
size of Ω or ∂Ω, such that
(4.12) sup
0≤T≤T ∗0
(
‖ρk − ρ¯‖
L
3
2 (Ωk)
+ ‖ρk − ρ¯‖H2(Ωk) + ‖∂tρk‖H1(Ωk) + ‖uk‖H2(Ωk)
)
≤ C,
and
(4.13)
∫ T ∗0
0
‖∇∂tuk‖2L2(Ωk) dt ≤ C.
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Hence, there exists a subsequence of (ρk,uk)(which is still labelled by (ρk,uk)), and the limit
function (ρ,u), such that for every compact subdomain Ω′,
ρk − ρ¯ ∗⇀ ρ− ρ¯ in L∞(0, T ∗0 ;H2(Ω′)), uk ∗⇀ u in L∞(0, T ∗0 ;H2(Ω′)),
∂tρk
∗
⇀ ∂tρ in L
∞(0, T ∗0 ;H
1(Ω′)), ∇∂tuk ⇀ ∇∂tu in L2(0, T ∗0 ;L2(Ω′)).
and
sup
0≤T≤T ∗0
(
‖ρ− ρ¯‖
L
3
2 (Ω)
+ ‖ρ− ρ¯‖H2(Ω) + ‖u‖H2(Ω) + ‖ρt‖H1(Ω)
)
≤ C,
∫ T ∗0
0
‖∇ut‖2L2(Ω) dt ≤ C.
By Aubin-Lions Lemma,
ρk − ρ¯→ ρ− ρ¯ in C([0, T ∗0 ];H1(Ω′)), uk → u in C([0, T ∗0 ];H1(Ω′)).
Hence, (ρ,u) is a strong solution to the initial value problem (1.1)–(1.2). Furthermore,
it follows from the equations that ρ − ρ¯ ∈ C([0, T ∗0 ];H2(Ω)). The proof of uniqueness is
now standard and one can refer to [8] for details. Hence, the proof of Theorem 4.6 is
completed. 
Acknowledgement. The research of Guo was partially supported by China Postdoc-
toral Science Foundation grants 2017M620149 and 2018T110387. The research of Wang was
partially supported by NSFC grant 11671289. The research of Xie was partially supported
by NSFC grants 11971307 and 11631008, and Young Changjiang Scholar of Ministry of
Education in China.
References
[1] K. Abe, G. Seregin, Axisymmetric flows in the exterior of a cylinder, arXiv:1708.00694v2.
[2] H. Abidi, Existence et unicite´ pour un fluide inhomoge`ne, (French) [Existence and uniqueness for an
inhomogeneous fluid] C. R. Math. Acad. Sci. Paris, 342 (2006), 831-836.
[3] H. Abidi, G. Gui, P. Zhang, On the wellposedness of 3-D inhomogeneous Navier-Stokes equations in
the critical spaces, Arch. Rational Mech. Anal., 204 (2012), 189-230.
[4] S.A. Antontsev, A.V. Kazhikov, V.N. Monakhov, Boundary Value Problems in Mechanics of Nonhomo-
geneous Fluids, NorthHolland, Amsterdam, 1990.
[5] S.A. Antontsev, A.V. Kazhikov, Mathematical Study of Flows of Nonhomogeneous Fluids, Novosibirsk
State University, Novosibirsk, USSR, 1973.
[6] L. Caffarelli, R. Kohn, L. Nirenberg, Partial regularity of suitable weak solutions of the Navier-Stokes
equations, Comm. Pure Appl. Math., 35 (1983), 771-831.
[7] D. Chae, J. Lee, On the regularity of the axisymmetric solutions of the Navier-Stokes equations, Math.
Z., 239 (2002), 645-671.
GLOBAL AXISYMMETRIC SOLUTIONS FOR NAVIER-STOKES SYSTEM 19
[8] H.J. Choe, H. Kim, Strong solutions of the Navier-Stokes equations for nonhomogeneous incompressible
fluids, Comm. Partial Differential Equations, 28 (2003), 1183-1201.
[9] C.C. Chen, R.M. Strain, H.T. Yau, T.P. Tsai, Lower bound on the blow-up rate of the axisymmetric
Navier-Stokes equations, Int. Math. Res. Not. IMRN, (2008) no. 9, Art. ID rnn016, 31 pp.
[10] C.C. Chen, R.M. Strain; T.P. Tsai, H.T. Yau, Lower bounds on the blow-up rate of the axisymmetric
Navier-Stokes equations. II, Comm. Partial Differential Equations, 34 (2009), 203-232.
[11] H. Chen, D. Fang, T. Zhang, Global axisymmetric solutions of three dimensional inhomogeneous incom-
pressible Navier-Stokes system with nonzero swirl, Arch. Rational Mech. Anal., 223 (2017), 817-843.
[12] H. Chen, D. Fang, T. Zhang, Regularity of 3D axisymmetric Navier-Stokes equations, Discrete Contin.
Dyn. Syst. , 37 (2017), 1923-1939.
[13] Q. Chen, Z. Tan, Y. Wang, Strong solutions to the incompressible magnetohydrodynamic equations,
Math. Methods Appl. Sci., 34 (2011), 94-107.
[14] W. Craig, X. Huang, Y. Wang, Global wellposedness for the 3D inhomogeneous incompressible Navier-
Stokes equations, J. Math. Fluid Mech., 15 (2013), 747-758.
[15] R. Danchin, Density-dependent incompressible viscous fluids in critical spaces, Proc. Roy. Soc. Edin-
burgh Sect. A, 133 (2003), 1311-1334.
[16] R. Danchin, P.B. Mucha, A Lagrangian approach for the incompressible Navier-Stokes equations with
variable density, Comm. Pure Appl. Math., 65 (2012), 1458-1480.
[17] S. Gustafson, K. Kang, T.P. Tsai , Regularity criteria for suitable weak solutions of the Navier-Stokes
equations near the boundary, J. Differential Equations, 226 (2006), 594-618.
[18] G. P. Galdi, C. G. Simader, Existence, uniqueness and Lq-estimates for the Stokes problem in an exterior
domain, Arch. Rational Mech. Anal. , 112 (1990), 291-318.
[19] G.L. Gui, P. Zhang, Global smooth solutions to the 2-D inhomogeneous Navier-Stokes equations with
variable viscosity, Chin. Ann. Math. Ser. B, 30 (5) (2009), 607-630.
[20] Thomas Y. Hou, C.M. Li, Dynamic stability of the three-dimensional axisymmetric Navier-Stokes equa-
tions with swirl, Comm. Pure Appl. Math., 61 (2008), 661-697.
[21] X.D. Huang, Y. Wang, Global strong solution to the 2D nonhomogeneous incompressible MHD system,
J. Differential Equations, 254 (2013), 511-527.
[22] X. D. Huang, Y. Wang, Global strong solution with vacuum to the two-dimensional density-dependent
Navier-Stokes system, SIAM J. Math. Anal., 46 (2014), 1771-1788.
[23] X.D. Huang, Y. Wang, Global strong solution of 3D inhomogeneous Navier-Stokes equations with
density-dependent viscosity, J. Differential Equations 259 (2015), 1606-1627.
[24] J. Heywood, The Navier-Stokes equations: on the existence, regularity and decay of solutions, Indiana
Univ. Math. J., 29 (1980), 639-681.
[25] Q. Jiu, Z.P. Xin, Some regularity criteria on suitable weak solutions of the 3-D incompressible axisym-
metric Navier-Stokes equations. In New Studies in Advanced Mathematics, Vol. 2. International Press:
Somerville, MA, 2003; 119-139.
[26] G. Koch, N. Nadirashvili, G. Seregin, V. Sverak, Liouville theorems for the Navier-Stokes equations and
applications, Acta Math., 203 (2009), 83-105.
[27] A. Kubica, M. Pokorny, W. Zajaczkowski, Remarks on regularity criteria for axially symmetric weak
solutions to the Navier-Stokes equations, Math. Methods Appl. Sci., 35 (2012), 360-371.
20 ZHENGGUANG GUO, YUN WANG, AND CHUNJING XIE
[28] H. Kim, A blow-up criterion for the nonhomogeneous incompressible Navier-Stokes equations, SIAM J.
Math. Anal., 37 (5) (2006), 1417-1434.
[29] J. Kim, Weak solutions of an initial boundary value problem for an incompressible viscous fluid with
nonnegative density, SIAM J. Math. Anal., 18 (1987), 89-96.
[30] J. Li, Local existence and uniqueness of strong solutions to the Navier-Stokes equations with nonnegative
density, J. Differential Equations, 263 (2017), 6512-6536.
[31] O.A. Ladyzhenskaya, V.A. Solonnikov, Unique solvability of an initial and boundary value problem for
viscous incompressible non-homogeneous fluids, J. Soviet Math., 9 (1978), 697-749.
[32] O.A. Ladyzhenskaya, Unique global solvability of the three-dimensional Cauchy problem for the Navier-
Stokes equations in the presence of axial symmetry, Zap Naucn Sem Leningrad Otdel Math Inst Steklov
(LOMI), 7 (1968), 155-177.
[33] O.A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow, second English edition,
Mathematics and Its Applications, vol. 2, Gordon and Breach, Science Publishers, New York–London–
Paris, 1969.
[34] Z. Lei, Q.S. Zhang, Criticality of the axially symmetric Navier-Stokes equations, Pacific J. Math., 289
(2017), 169-187.
[35] J. Leray, Sur le mouvement d’um liquide visqueux emplissant l’espace, Acta Math., 63 (1934), 193-248.
[36] F.H. Lin, A new proof of the Caffarelli-Kohn-Nirenberg theorem, Comm. Pure Appl. Math., 51 (1998),
241-257.
[37] P.L. Lions, Mathematical Topics in Fluid Mechanics, vol. I: Incompressible Models, Oxford Lecture Ser.
Math. Appl., vol. 3, Oxford University Press, New York, 1996.
[38] M. Padula, On the existence and uniqueness of non-homogeneous motions in exterior domains, Math.
Z., 203 (1990), 581-604.
[39] M. Paicu, P. Zhang, Global solutions to the 3-D incompressible inhomogeneous Navier-Stokes system,
J. Funct. Anal., 262 (2012), 3556-3584.
[40] G. Seregin, Local regularity of suitable weak solutions to the Navier-Stokes equations near the boundary,
J. Math. Fluid Mech., 4 (2002), 1-29.
[41] J. Serrin, On the interior regularity of weak solutions of the Navier-Stokes equations, Arch. Rational
Mech. Anal., 9 (1962), 187-195
[42] J. Simon, Nonhomogeneous viscous incompressible fluids: Existence of velocity, density, and pressure,
SIAM J. Math. Anal., 21 (1990), 1093-1117.
[43] G. Tian, Z.P. Xin, Gradient estimation on Navier-Stokes equations, Comm. Anal. Geom., 7 (1999),
221-257.
[44] M.R. Ukhovskii, V.I. Iudovich, Axially symmetric flows of ideal and viscous fluids filling the whole
space, J. Appl. Math. Mech., 32 (1968), 52-61.
[45] J. Zhang, Global well-posedness for the incompressible Navier-Stokes equations with density-dependent
viscosity coefficient, J. Differential Equations, 259 (2015), 1722-1742.
GLOBAL AXISYMMETRIC SOLUTIONS FOR NAVIER-STOKES SYSTEM 21
School of Mathematics and Statistics, Huaiyin Normal University, Huai’an 223300, China;
School of mathematical Sciences, Institute of Natural Sciences, Shanghai Jiao Tong Uni-
versity, 800 Dongchuan Road, Shanghai, China
E-mail address : gzgmath@163.com
School of Mathematical Sciences, Center for dynamical systems and differential equa-
tions, Soochow University, Suzhou, China
E-mail address : ywang3@suda.edu.cn
School of mathematical Sciences, Institute of Natural Sciences, Ministry of Education
Key Laboratory of Scientific and Engineering Computing, and SHL-MAC, Shanghai Jiao
Tong University, 800 Dongchuan Road, Shanghai, China
E-mail address : cjxie@sjtu.edu.cn
